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Kestin et al.% than the GHS model. This suggests that the assump-
tion of a finite collision probability at g =0 is more realistic than
the infinite value given by the GHS model.

The collision frequency of the MGHS model vygus =n{og) is
given by

vans = 4nV, (T /m)? (C + D) )

where C and D are similarin formto A and B, respectively,and are
given by

A

() = a[L0) — L]+ T3 (V" — ag"L(0) — La)]
2D(T) = T "'T(2 - v, a?) + (1 — )T T (2 — v, a?)

From Egs. (1) and (4), it can be shown that vygus is considerably

lower than vgys for T < 1. For example,at T = (1, 0.5, 0.1, 0.05),
Vmchs/ Veus ~ (0.92, 0.83, 0.49, 0.35).

Computational Efficiency

The computational efficiency of the GHS and MGHS models
under conditions of thermal equilibrium was determined by simu-
lations for a set of 1000 monatomic simulator molecules for a time
of 100T,om, where Thom = 7 igus/ (4pRT). The simulation time step
At was 0.47,,,. Temperatures of 100, 300, and 3000 K were simu-
lated. At each time step, the number of collision pairs tested and the
actual number of collisions performed were recorded. Simulations
were also performed using the VHS model, with v =0.22 and the
viscosity matched to pgys. The number of collisions per simulator
particle per time Tyom is independentof 7" for the VHS model, and
a single VHS simulation was, therefore, sufficient.

The mean results from the second-half of each simulation are
summarized in Table 1. The results are subject to statistical scat-
ter, but demonstrate the poor computational efficiency of the GHS
model, even at high temperatures. This inefficiency is caused pri-
marily by the high number of pairs tested at each time step due to
very high values of V., but also by the higher collision frequency.
The MGHS model requires no more than 15% more CPU time than
the VHS model.

Conclusions

The GHS model can be modified to limit the collision probability
at low collision speeds. This improves the computational efficiency
both because the number of possible collision partners that must be
testedis dramaticallyreducedand becausethe collisionrateis lower.
No more than 15% extra computational time is required, compared
with the VHS model. For argon at 7 ~ 100 K, the theoretical vis-
cosity is changed by less than 2.5%, and this difference decreases
rapidly as T increases. The modified viscosity is in better agreement
with recommended viscosity values. This modified generalizedhard
sphere model can be used in DSMC simulations, where, to obtain
realistic viscosity behavior at low 7, it is necessary to model the
effect of the attractive portion of the intermolecular potential.
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Nomenclature
A = dimensionless parameter (= ad;/V;)
a = radial velocity gradientat the outer
edge of the boundary layer
ce = specific heat at constant pressure
d = disk diameter
dj, h; = jetnozzle diameter and nozzle-to-disk distance
k = thermal conductivity
Nuy, = local Nusselt number (= q,d/[k(T,, — T,)])
Pr = Prandtl number (= pc,/k)
9w = heat flux at the wall
Re; = jet Reynolds number (= V;d; /v)
Re, = rotational Reynolds number (= wd?/v)
r, Q2 = radial, tangential, and axial cylindrical coordinates
T = temperature
V; = axial velocity at infinity or at the nozzle outlet
v, V,, v, = radial, tangential, and axial velocity components
in cylindrical coordinates
8 = boundary-layerthickness
87 = enthalpy thickness
1
_ v T-T, d
o orTy—Ty
K = nondimensional parameter (= a/w)
J7RY, = dynamic and kinematic viscosity
P = density
Tur = radial shear stress [= p(dv, /dz), -]
Gioe = tangential shear stress [= u(dv,/dz). —o]
X = Reynolds analogy parameter
{= qur/[fwwcp (T — Tw)]}
w = angular speed of rotation
Subscripts
J = parameters of the impinging jet
w = wall
0 = free disk
00 = outer edge of the boundary layer

Introduction

NDERSTANDING of peculiarities of real jets is frequently
based on the solutions of simplified problems. For an
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axisymmetriclaminar jet impingingon a stationary surfaceat w =0,
it was shown! that a constant-thickness boundary layer develops
near the stagnation point, whereas the velocity components at the
outer edge of the boundary layer are described by the equations

VUr oo = ar, V00 = —2a2 (D

A=4/7 or  A=15-(h;/d)"* )

The first of relations (2) is valid for the potential flow of a uni-
form stream impinging on the disk'; in this case d; = d. The second
equation (2) is effective for real singular axisymmetric jets> over
the range h;/d; =2...6 for high enough values of Re;, whereas
A~ 1 for low values of Re;.

For coaxialuniformflow impingementon arotatingdisk, works' >
present velocity profiles and friction coefficients in the graphical or
tabulated form. Nusselt numbers were calculated for the boundary
condition (here ¢, is constant)

T,y — Too = cor™ 3)

only at n* =0 and 2 for few values of Pr and « in works."> Ex-
perimental radial distributions of the Nusselt number are presented
in papers*® At V; =0 the problem reduces to the case of the free
rotating disk studied extensively in works.!>¢

The main objective of the present work consists of the develop-
ment of an integral method and obtaining an approximate analytical
solution of the problem under consideration. This method is based
on the exact numerical solution of the Navier—Stokes and energy
equationsunder conditions (1) and (3) at 10 valuesof n* =—2.. .4,
differentPr=0.1...1 andx =0...00.

Integral Method for Fluid Flow and Heat Transfer

Integral equations of the boundary layer and model for the veloc-
ity profiles are

s s
d dvy o

— |7 U, (Voo — V) dz | + (Vroo — V) dz
dr 0 arJ,

B
I Toyr
+ f v, dz = “)
0 o

d ’ 7,
—|:r2/ v, dzi| = [ Tw 5)
dr 0 0
dr, = rqw
—|r883 (T, — T. = 6
a [r T ( oo)] ppr ( )
v v, . (x—x)f
* —g, — = (1 - g+ ——= 0
wr Vr.00 (o)
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Here g, g*, and f are universal functions of the variable z/8; g
and f are determined at k =0; g* is found in course of solution;
oo =0.8284. Given o =const and § = const, we found the solu-
tion, which coefficients were obtained via agreement with the exact
solution,

a = —0.4275¢ + (2.717k* + 0.6863)* 8)

Tug /Twgo = 80/8 = [(a + 1.301k) /o] )

Maximal discrepancy of the integral method’s data for o and
Twy /Tweo With respect to the exact solution does not exceed 1.7%
and falls sharply with increasing «.

Generalizing the solution for the free disk,’ we developed the
following model:

53¢ /0.5338a8y (w/v)T = (1/by) — 0.6518xPr"» (by /bs)

+rc/alex ™ +ex +e3) (10)
Constants by, b,, and n,, depend only on Pr (see Ref. 6). It follows
from Egs. (5) and (6)

(1/by) — 0.6518xPr'» (b, /by) + k/ar(e 1 x " + esx + e3)

=0.3482 - x[4/2 + n")][1 + 1.301(k /)] (11)

Coefficients e;, e,, and e; depend only on the Prandtl
number. Their values are e¢; =0.1426, 0.1591, 0.1800, 0.2007,
0.2042; e, =—0.7227, —0.7313, —0.7404, —0.7495, —0.7497,
e, =1.0333,1.1280,1.2427,1.3556,1.3696at Pr=1,0.9,0.8,0.72,
0.71, respectively.

For givenvaluese, e,, and e3, relation(11) was easily solved ana-
Iytically as a quadratic equation. Expression for the Nusselt number
becomes

1
Nug =K, - (1+&")T - Re? - A (12)

K1 =0.6159%(1 + k)2 Pr-Tuy/Tugo (13)

Table 1 presents values of x found from Eq. (11) at Pr=0.71.
Maximal deviations of x from exact solution do not exceed
2.4%. Calculations for other values of Pr=0.1...1 also con-
firm this conclusion. At 7,, = const and ¥ — oo it was found that
Ki+=K;-(1+«")"?is equal to 0.763 - Pr**, which agrees with
the expression documented elsewhere. It is worth noting that x is
a quite conservative parameter and changes with « far less signifi-
cantly than K.

Table 1 Values of x at Pr=0.71 from the exact solution and integral method (bold) at laminar flow

k n*=-=-2 n*=-15 n*=-1 n*=-05 n*=0 n*=05 n*=1 n*=2 n*=3 n*=4
0 0 0.2366  0.4330 0.6001  0.7452 0.8732 0.9876 1.1856 1.3533 1.4990
0.1 0 0.2698  0.4727 0.6430 0.7883 0.9137 1.0231 1.2048 1.3495 1.4674
0.2 0 0.2941 0.5085 0.6772 0.8165 0.9355 1.0398 1.2172 1.3658 1.4946
0.2 0 0.2944  0.5020 0.6728 0.8162 0.9385 1.0440 1.2168 1.3525 1.4618
04 0 0.3212  0.5424 0.7108 0.8470 0.9619 1.0616 1.2297 1.3695 1.4902
0.4 0 0.3207  0.5337 0.7049 0.8461 0.9648 1.0660 1.2293 1.3556 1.4560
0.6 0 0.3334  0.5572 0.7253 0.8602 0.9733 1.0710 1.2351 1.3710 1.4880
0.6 0 0.3324  0.5479 0.7191 0.8593 0.9764 1.0756 1.2347 1.3569 1.4536
0.8 0 0.3388 0.5641 0.7322  0.8665 0.9787 1.0755 1.2377 1.3717 1.4870
0.8 0 0.3382  0.5549 0.7262 0.8658 0.9820 1.0803 1.2374 1.3575 1.4524
1.0 0 0.3418 0.5679 0.7359  0.8698 0.9816 1.0779 1.2390 1.3721 1.4864
1.0 0 0.3414  0.5587 0.7300 0.8694 0.9851 1.0828 1.2388 1.3579 1.4517
1.5 0 0.3453 0.5721 0.7400 0.8736 0.9848 1.0805 1.2405 1.3725 1.4857
1.5 0 0.3449  0.5630 0.7343  0.8733 0.9885 1.0856 1.2404 1.3583 1.4510
2.0 0 0.3464  0.5736 0.7415 0.8749 0.9860 1.0815 1.2411 1.3726 1.4855
2.0 0 0.3463  0.5646 0.7359 0.8748 0.9898 1.0867 1.2410 1.3584 1.4508
5.0 0 0.3479 0.5754 0.7433  0.8765 0.9874 1.0826 1.2417 1.3728 1.4852
5.0 0 0.3478  0.5664 0.7377 0.8765 0.9913 1.0879 1.2417 1.3586 1.4505
50 0 0.3481 0.5757 0.7436  0.8768 0.9876 1.0829 1.2418 1.3728 1.4852
50 0 0.3481 0.5668 0.7381 0.8768 0.9916 1.0882 1.2418 1.3586 1.4504
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Fig. 1 Effect of parameter « on the constant Ky« at Pr=0.71. 1—
present predictions at T,, =const. Experiments*: 2—Rej=2.47 X 104,
Re;=8.56 x 10°, hjldi=2, 4, and 6; 3—Re1 6.8% 103, Rey=
1.584 x 108, h/d 2 4 and 6. Experiments’: 4—Rej=6. 8x 103,
Re; = 214x105 428x105 8x 105, and 1.412 x 105, h;/d;=2; 5—
Rej=2.47 x 10%, Re; =8 X 103 and 1.584 x 10, hj/d; =2.

Comparisons with Experiments

For coaxial impingement of jets with d; < d, Egs. (12) and (13)
are valid only inside the stagnation region at 7 < d; /2. In this case
value d; is used instead of d in both Nu, and Re,. The disk
surface in experiments*® in the stagnation region was practically
isothermal (n* = 0). Using the definition of parameter A, we have
k = ARej/Re,. In accordance with Eq. (2), parameter A takes val-
ues A=1.29, 1.14, and 1.01 for h; /d; =2, 4, and 6, respectively.
These values allow reaching good agreement of predictions with
experiments*> for Nu, atRe; =2.47 x 10*. At Re; = 6.8 x 10°, ex-
perlments do notconfirm the tendency of decreasem Nu, with grow-
ing h;/d;. The best agreement with experiments at Re; = 6.8 x 10
ylelds the value A =1.12.

Comparisons of simulationswith experimentsare shownin Fig. 1.
Predictions agree well with experiments clearly exhibiting the ten-
dency of increase with decreasing values of «. It is apparent also
that parameter K+ = K, - (1 +«~")!/? is practically constant for
k =1.5...00. It means that whenever the parameter x exceeds the
threshold value of 1.5, impingement heat transfer of a rotating disk
depends only on Re; and is independentof the speed of rotation.

Three experimental points fall out of this generally good agree-
ment. Too high experimental value of K« at Re; =2.47 x 10%,
Re,=8.56 x 10°, and h;/d; =6 (x =3.6) is probably caused by
the too low value A = 1. 01 used in recalculation of experimental
data for Nu,. Too low experimental value of K |« at Re; = 6.8 x 103,
Re;=2.12x 10° and h; /d; =2 (k =4.4) is probably causedby the
fact that we used the constant value A =1.12 in recalculation of
Nuy at Re; =6.8 x 10° and varying Re,,, while rotation can affect
A at low values of Re;. Too low value of K+ at Re; =6.8 x 10°,

=1.584 x 10°, and hj/di =4 (k =0.6) is probably explained
by experlmentalmaccuracy To clarify the dependenceof Aonh; /d;
and Reynolds numbers Re; and Re,,, an additional experimental re-
search is needed.

Conclusions

An integral method was developed, and an approximate analyti-
cal solution of the problem was derived at n* = —2...4. Maximal
deviation of the approximate solution from the exact one is 2.4%.
Atk > 1.5 heattransferis dominated only by peculiaritiesof the im-
pingingjet. The threshold value of « is practicallyindependentof Pr
and exponentn*. Present predictionsagree well with experiments*>
in the vicinity of the stagnation point.
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Nomenclature

constant coefficient
characteristic length or hydraulic diameter, m
gravity acceleration, ms—2

heat transfer coefficient, Wm—2K~!

transport coefficient, ms™!

thermal conductivity, Wm~'K~!

= macrolength,m

microlength, m

convective term exponent

diffusive term exponent
macrotime, s
microtime, s

mean flow velocity, ms™
mass diffusivity, m?s™"
ar = thermal diffusivity, m?s~
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B = expansion coefficient at constant pressure, K!
AT = temperature difference, K

n = dynamic viscosity, Pa - s

A = macrolength dimensional exponent
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